Instruments achieve sharper and finer observations of micron-in-size dust grains in the top layers of young stellar discs. To provide accurate models, we revisit the theory of dust settling for small grains, when gas stratification, dust inertia and finite correlation times for the turbulence should be handled simultaneously. We start from a balance of forces and derive distributions at steady-state. Asymptotic expansions require caution since limits do not commute. In particular, non-physical bumpy distributions appear when turbulence is purely diffusive. This excludes very short correlation times for real discs, as predicted by numerical simulations.
INTRODUCTION
Details of the structure of dusty discs are now accessible by the mean of instruments such as the Atacama Large (sub)Millimetre Array ALMA (e.g. van der Marel et al. 2013; ALMA Partnership et al. 2015; Andrews et al. 2018) , the Spectro-Polarimetric High-contrast Exoplanet REsearch instrument SPHERE/VLT (e.g. Benisty et al. 2015; Avenhaus et al. 2018) or the Gemini Planet Imager Gemini/GPI (e.g. Laws et al. 2020) . Spatial differentiation between gas and dust grains is evidenced, both in the midplane of the disc (radial drift) or in the vertical direction (vertical settling). Centimetre-in-size pebbles have attracted lot of attention as they provide primordial material to form planetary cores (e.g. Chiang 2008; Testi et al. 2014) . Small micron-in-size grains are as important (e.g. Apai et al. 2004; Furlan et al. 2006; Dent et al. 2013; Espaillat et al. 2014; Maaskant et al. 2015) , since they are often used as a proxy for the gas. They also set the charge and thermal balances of the disc and radiate polarized light. Hence the need of an accurate description of vertical distributions of small particles.
Primary theories of dust settling (e.g. Hoyle 1960; Kusaka et al. 1970; Cameron 1973; Adachi et al. 1976; Handbury & Williams 1977; Coradini et al. 1980) have emerged with the development of the planetary nebulae hypothesis (Mendoza 1966; Safronov 1969) . Further developments of the Minimum Mass Solar Nebulae models (e.g. Cameron & Pine 1973; Weidenschilling 1977; Hayashi 1981) sparked models coupling settling to growth (Weidenschilling 1980; Nakagawa et al. 1981) . The idea that turbulence sustains dust stirring (Cuzzi et al. 1993 ) emanated from observations of Spectral Energy Distributions of T-Tauri objects (Kenyon & Hartmann 1987) concomitant to the rediscovery of the magneto-rotational instability (Balbus & Hawley 1991) .
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The seminal theory of dust settling was established by Dubrulle et al. (1995) . Turbulence is treated by the mean of a Fokker-Planck equation, an approach that resulted in a widelyused model to estimate dust scale heights in discs. Soon after, Dullemond & Dominik (2004 pioneered models of dust settling coupled to Monte-Carlo methods for radiative transfer, a technic extended to ray tracing by Pinte et al. (2006 Pinte et al. ( , 2007 . Tanaka et al. (2005) modelled spectral energy distributions expected from the interplay between settling and coagulation. In parallel, several aspects of dust settling were quantified with (magneto)-hydrodynamical simulations: the role of dust feed-back (Barrière-Fouchet et al. 2005; Johansen & Klahr 2005; Johansen et al. 2006) , turbulence (Takeuchi & Lin 2002; Carballido et al. 2006; Fromang & Nelson 2009; Ciesla 2010; Turner et al. 2010; Charnoz et al. 2011; Johansen et al. 2011; Carballido et al. 2011; Zhu et al. 2015; Stoll & Kley 2016; Lin 2019) , and grain growth/fragmentation (Zsom et al. 2011) . Analytic or semianalytic models were refined to understand the role played by different drag regime (Garaud & Lin 2004) , refined models of turbulence (Schräpler & Henning 2004; Jacquet 2013; Ormel & Liu 2018) , turbulent dead zones (Ciesla 2007) , turbulent correlations (Youdin & Lithwick 2007) , grain growth or winds (Riols & Lesur 2018) . These models are widely used to infer the properties of the disc from observations (e.g. de Boer et al. 2017; Dullemond et al. 2018; Sengupta et al. 2019; Greenwood et al. 2019; Liu et al. 2019 ).
However, we still lack an analytic formula for the distribution of small dust grains that encompass gas stratification, dust inertia and finite correlation times. To obtain such a recipe, we depart from the historical Fokker-Planck approach and start directly from a balance of forces on a dust grain (Sect. 2). We obtain a system of stochastic differential equations that we analyse, in the spirit of Ormel & Liu (2018) (Sect. 3) . Results are validated against numerical simulations in Sect. 4 and discussed in Sect. 5. r 2 + z 2 3/2 .
(1)
The gas is supposed to be inviscid and the disc to be at vertical hydrostatic equilibrium. Thus, at a distance r from the central star, the gas density is ρ g (r, z) = ρ g0 (r) e − GM c 2 s (r)
= ρ g0 (r) e − GM c 2 s (r)
where ρ g0 and c s denote the gas density in the midplane of the disc and the sound speed at a distance r from the star respectively (e.g. ). In the limit z r, g z linearises into
a spring-like force of frequency the orbital frequency of the disc. Under this approximation, Eq. 3 reduces to ρ g (r, z) = ρ g0 (r) e − z 2 2H 2 ,
where H ≡ Ω −1 c s denotes the pressure scale height of the gas. The typical aspect ratio H/r of observed discs is of order ∼ 0.1. Close to the midplane of the disc (z H), Eq. 5 becomes
Dust grains are assumed to be compact, homogeneous and of spherical shape with radius s. Grains are uncharged, although this assumption might not be correct anymore for z 3H (e.g. Bai & Goodman 2009 ). The mass of the grain is therefore m d = 4 3 πρs 3 , where ρ denotes the intrinsic density of the grain material -typically a few g.cm −1 . In typical classical T-Tauri star discs, the collisional mean free path of the gas is larger than the size of the grain. The drag force f d exerted by the gas on grains is
where t s denotes the drag stopping time, i.e. the typical time for dust grains to reach gas velocity. The stopping time depends on the gas and dust parameters according to
where γ denotes the adiabatic index of the gas (Epstein 1924; Baines et al. 1965; Whipple 1972) . Combining Eqs. 3 and 8,
where t s0 denotes the stopping time in the midplane. Hence, grains decouple very efficiently in the high atmosphere of the disc where the gas density drops, and the stopping time is an increasing function of the vertical height inversely proportional to gas density.
Gravity from the star and gas drag are the two main relevant forces for this problem. Additional contributions such as radiation forces, magnetic forces or other hydrodynamical forces are negligible (Laibe & Price 2012) . Quadratic corrections for supersonic drag are not expected to play any sensible contribution in this problem and are neglected (Kwok 1975) . The ratio of the timescales between the vertical and the radial timescale is of order (H/r) 2 ∼ 0.01, justifying treating r as a constant ). This assumption holds whenever z is small enough for the conservation of angular momentum to remain valid up to second order in z/r.
From the expression of the stopping time given by Eq. 9, the balance of forces for single dust grain provides
We now introduce the dimensionless quantities Z ≡ z/H, T ≡ t/Ω −1 andŻ =ż/c s . Note that T denotes the time in units of the orbital period and not the temperature. We scale also the gas velocity by its sound speed, i.e. V g = v g /c s . We denote by the constant φ = H/r the local aspect ratio of the disc. The Stokes number S t ≡ Ωt s measures the relative contribution between gas drag and gravity. From Eq. 9, it increases with vertical height as
where S t0 denotes the Stokes number in the midplane of the disc. We note that grains reach S t = 1 for Z = −2 ln S t0 , i.e. a few pressure scale heights even for tiny values of S t0 . Starting from Eq. 10 and rearranging the terms, one obtains the equation of motion for a single grain:
where
Effects of vertical stratification are still encapsulated in the Taylor expansion of Eq. 12 with respect to the small parameter φ 2 ∼ 0.01
The final step of the model consists of modelling the turbulent velocity of the gas V g , which appears in the right-hand side of Eq. 12.
In the limiting case of a laminar flow, V g = 0 and Eq. 12 reduces to the well-known equation for vertical settling in laminar discs (e.g. ).
Modelling dusty turbulence

Lagrangian turbulence
The gas velocity is unknown since no exact analytic solution for turbulence in a disc -and turbulence in general -are known. However, statistical properties of turbulence can be inferred from laboratory, numerical experiment or theory, and turbulent fluctuations can be modelled using stochastic processes, independently from the origin of the turbulence itself. In a seminal study, Thomson (1987) proved that the only expression of v g that is consistent with Kolmogorov turbulence and the hydrodynamical equations is
where t e denotes the Lagrangian timescale of the turbulence, D is the turbulent diffusivity (in units m 2 s −1 ). w is a Wiener process, such that its derivative is a white noise such that
where δ denotes the Dirac distribution and the notation · is the expectation operator (see also Sawford 1984; Wilson & Sawford 1996) . Eq. 16 describes turbulent fluctuations from a Lagrangian point of view (Taylor 1922) . From Eq. 16, the gas velocity can be rewritten
where ζ is a stationary Ornstein-Uhlenbeck process defined by
Eq. 16 defines a model of turbulence with two parameters, D and t e . In discs, t e is typically of order one orbital period, since turbulent vortices are stretched out by differential rotation in a few orbits (e.g. Beckwith et al. 2011) . From Eq. 21, D is related to the autocorrelation of the turbulent noise according to
Eq. 22 can alternatively be seen as a definition of the turbulent diffusivity, useful in practice to measure D in numerical simulations. The Wiener-Khinchin theorem ensures that the power spectrum of the turbulent velocity field S (ω) is the Fourier transform of this autocorrelation function, i.e.
Thus, in the inertial subrange (ω 2 t 2 e 1), we have S (ω) ∝ ω −2 , whose equivalent in the wavelength space isS (k) ∝ k −5/3 (Batchelor 1950). From Eq. 23, the standard deviation of the velocity fluctuation σ is
Physically, Eq. 24 is a turbulent fluctuation-dissipation theorem.
In astrophysics, the turbulent activity of a disc is often parametrised by a constant denoted by α (Shakura & Sunyaev 1973) . In this work, we define α according to 
where τ e ≡ t e Ω. In the literature, the same notation α has been used to denote different dimensionless physical quantities, all related to the turbulent activity of the disc and being therefore of the same order of magnitude. The parameter α may be used e.g. for quantities measuring the efficiency of the transport of angular momentum, the intensity of the velocity fluctuations or the turbulent diffusivity (e.g. Arena & Gonzalez 2013) . For a quantitative use of our results, values of α should either be directly measured using Eq. 22 or deduced from an alternative measurement of the turbulent activity of the disc and a coefficient of proportionality which has been calibrated independently. The ratio between turbulent and thermal pressure is of order √ α. Hence, Eq. 3 remains a valid expression for the density profile of the disc. The vertical dependency of α can be inferred from numerical simulations of magneto-hydrodynamical turbulence (e.g. Miller & Stone 2000; Fromang & Nelson 2009; Fromang 2010) . For numerical tractability, simulations are performed in a local shearingbox that extends vertically over a few pressure scale heights. Fig. 1 displays values of α measured by Fromang & Nelson (2009) . A generic feature is that α increases with z. No first-principle model exists so far to prescribe α(z). Alternative recipes have been proposed to mimic this behaviour (e.g. Ciesla 2010; Ormel & Liu 2018) . In this study, we use for convenience and tractability a very crude but parameter-free parametrisation of α (z)
This assumption ensures that the density of turbulent energy ρ g v 2 g
remains finite and roughly constant in a vertical slab of the disc. The model is therefore compatible with a steady-state, since no further turbulent processes are required to smooth out local energy gradients. The agreement between Eq. 27 and numerical simulations is quite reasonable (Fig. 1) . Although errors may reach 50%, the model is conservative for our study since it enhances slightly the eventual role played by a positive value of the vertical gradient of α. The prescription may probably be incorrect for z 3H (Fromang & Nelson 2009 ). This does not affect significantly our results since we find almost no grain at these heights. In dimensionless quantities, we denote
A value of h = f −1/4 corresponds to Eq. 27. Turbulence could have alternatively been described by the turbulent velocity σ t and the mean rate of dissipation of turbulence kinetic energy t , where t e = , and C 0 is a constant to be calibrated (Thomson 1987 Shao 1995; Pope 2002) . Effects of anisotropy may also be described by other turbulent parameters (e.g. Balbus & Papaloizou 1999; Ogilvie 2001; Lodato 2008; Balbus 2011) . These refinements are not expected to have any significant impact in our study.
Equations of motion
Combining Eqs. 12 -14, Eq. 16 and Eq. 28 in a dimensionless form, one obtains the system dZ = VdT,
The system of equations Eqs. 29 -31 is stochastic and the dust scale height in steady-state is subsequently defined in a probabilistic way as the variance of the dust distribution at large times, i.e.
Gravity, which confines dust particle close to the midplane, is encompassed in the function g φ . in In a real disc, this confinement is weaker than if it were operated by the osculating harmonic potential of the midplane. On the one hand, gas drag dissipates the mean kinetic energy of the grain through the second term of the left-hand side of Eq. 30. This makes grains settle to the midplane, which is the bottom of the potential well. On the other hand, gas drag couples the grain to the stirring turbulent fluctuations of the gas through the driving term of the right-hand side of Eq. 30. Density stratification of the gas is encoded in the function f φ . From Eqs. 29-31, stratification affects the dynamics of the grain in two ways. Firstly, grains having small Stokes numbers S t0 1 in the midplane may have Stokes numbers S t = S t0 / f φ larger than unity in the top-layers of the disc. Thus, the dynamics of those grains may counter-intuitively be gravity-dominated. Secondly, grains couple and react more efficiently to turbulent stirring close to the midplane of the disc. If the gradient of the product f φ h is negative, grains receive stronger turbulent kicks from the bottom of the disc than from the top layers. For smooth vertical profiles of α, this differential effect is the strongest close to the inflection point of the density profile, i.e. one pressure scale height for the Gaussian profile. Hence, stratification affects the stirring of small grains (S t0 ∼ α 1) and can not be neglected. Its effects are the strongest in the top layers of the disc, where the dynamics is gravity-dominated and submitted to a large differential driving.
Link with previous works
Strong drag approximation
A first approximation for Eqs. 29 -31 consists of assuming that grains are small enough for the dynamics to be always drag dominated and thatZ S t0 f φ (Z)Ż in Eq. 12. For the sake of clarity, we shall now use the approximations of Eqs. 4-5 for f φ and g φ and a constant viscosity (h = 1) to illustrate the effect of this approximation since it does not affect the nature of our conclusions. The evolution of dust grains is therefore governed by the equation
For a purely diffusive process ξ, Eq. 33 is equivalent to the following Fokker-Planck equation (e.g. Risken & Haken 1989) 
In the Fokker-Planck formalism, a definition of the dust scale height equivalent to Eq. 32 is
Eq. 34 does not depend on the velocity V anymore, and its steadystate solution is (e.g. Wallis 1990; Fromang & Nelson 2009) 
which gives the dust scale height on an integral form
The parameter α/S t0 appears naturally as the relevant quantity to measure whether dust grains are significantly sensitive to the turbulent activity of the gas or not. In the dust distribution given by Eq. 36, small grains remain confined within almost three pressure scale heights around the midplane. Indeed, the low gas density in the top layers of the disc reduces drastically the efficiency of turbulent driving, preventing the particles to escape. Eq. 33 shows that gas stratification acts as a stiff effective potential V eff (Z) ≡ S t0 e z 2 /2 that confines the particles close to the midplane. As expected, the distribution Eq. 36 corresponds to the Boltzmann distribution
In Eq. 38, α is the dimensionless form of the turbulent energy αc 2 s . It is not possible to obtain a closed-form expression for the dust scale height in stationary regime from Eq. 36. When the particles are close enough to the midplane of the disc, i.e. when α/S t0 1, Eqs. 33 and 36 can be linearised, giving
From Eq. 32, and integrating over Z only in this case, the analytic expression of H d is
Eq. 40 is the analytic estimate obtained by Dubrulle et al. (1995) for the dust scale height of particles close to the midplane. Physically, H d is large when turbulence is intense and grains are small, since strong coupling with the gas ensure continuous stirring by the turbulent kicks. Importantly, for S t0 = α, dust reaches the pressure scale height of the gas (H d = 1). This corresponds to Stokes numbers of order 10 2 − 10 3 in typical discs. Some numerical codes use the expression given by Eq. 40 since it is easily tractable. However, to overcome the divergence of H d at large coupling parameters, cutoffs for large dust thicknesses need to be enforced, such as
or the smoother variant (e.g. Riols & Lesur 2018)
Although convenient, this approach brings the drawback of not reproducing the step-function aspect of the dust distribution for small grains predicted by Eq. 36.
Linearisation
Eqs. 29 -30 have alternatively been studied by linearising the function f φ and g φ in the limit Z 1 according to
This approximation is valid when the dust evolution occurs close to the disc's midplane. Carballido et al. (2006) model turbulence by a white noise, i.e. dξ is the Wiener process given by Eqs. 17 -18. Eqs. 43-44 are equivalent to the Fokker-Planck equation
A rescaling of Eq. 45 byẐ = Z/ √ α/S t0 shows that its solution depends only on the product α/S t0 . The probability density function of the grains converges to the Gaussian distribution
after a typical time
t0 that is the typical settling time in a laminar disc. From Eq. 32, the dust scale height at equilibrium is
Remarkably, Eq. 47 provides the same expression than the one obtained in the strong drag approximation (Eq. 40 
In the limit τ e = 0, Eq. 48 reduces to Eq. 47. For a typical τ e = 1,
. Hence, in real discs, the qualitative discrepancy between Eq. 47 and Eq. 48 is not significant. Moreover, the two models are rigorously equivalent in the small grains limit. Indeed, H d √ α/S t0 with an approximation better than one per cent for S t0 < 0.02. In the limit τ e → +∞, the disc is laminar and H d → 0. This case is not relevant in practice.
Importantly, linearised models predict dust scale heights larger than the pressure scale height of the gas for S t0 α even if physically, there is almost no gas in these layers and thus, almost no turbulent driving. To understand this feature, let us examine closely how equations including stratification behaves against linearisation (i.e. Eqs. 12 and 15). The limit of a "spring-like" restoring force is obtained by letting the parameter φ go to zero. This corresponds to the thin cold disc limit. However, the limit of constant damping (Eq. 6) can not be obtained as an asymptotic behaviour of the equations of evolution with respect to any continuous parameter. Hence, the linearised system of equations models dust particles embedded in an infinite homogeneous vertical slab of gas, whose density is the one of the midplane. Small grains are therefore always scattered efficiently by turbulence wherever their location in the disc, explaining why they are ultimately reaching infinitely high regions. When including stratification, small particles decouple from the gas when they reach a sufficient height and fall back into the minimum of gravitational potential located in the midplane of the disc.
Diffusion equations
In Dubrulle et al. (1995) , the dust density is obtained from the Fokker-Planck equation
where κ T (z) is an effective half-diffusivity (to be consistent with Eq. 25). For particles with small Stokes numbers, κ T (z) = αc s H and κ T (z) ∝ z −1/2 for particles with large Stokes numbers (see Riols & Lesur (2018) for a detailed discussion of the origin of this equation). In essence, the Dubrulle et al. (1995) model is build on the strong drag approximation and Eq. 49 is equivalent to our Eq. 34 in dimensionless quantities. The discrepancies between the two models can be understood the following way:
(i) The diffusion operator of Eq. 49, originally introduced by Morfill & Voelk (1984) , acts on the quantity ρ d /ρ g and not on the quantity ρ d . For independent and non-interacting particles, diffusion fluxes smooths gradients of chemical potentials that are proportional to densities. The extrapolation to concentrations is valid only for homogeneous solvent/gas densities. It looks therefore that Eqs. 29-31 rely on more robust physical bases. We also note that Eq. 49 can not be derived from a balance of forces with stochastic driving. However, the difference between the two equations is only minor, since Eq. 49 writes with our notations
We note the appearance of an extra drift-term for the grains which does not depend on S t0 . This terms can not be of physical origin, since dust coupled to gas only through gas drag. Anyhow, the extra stir provided by this additional term would affect only tiny grains close to the mid-plane, which are lifted up by turbulence anyway.
(ii) The variable diffusivity κ T (z) is inherited from an ad-hoc concept of eddy classes invoked originally in Voelk et al. (1980) , seven years before the work of Thomson. Riols & Lesur (2018) provide a interpretation for the origin of this term through Reynolds averaging of the dust/gas equations of motion. On the other hand, Thomson (1987) demonstrated that a rigorous way to account eddies of different lifetimes in a Lagrangian descriptions of turbulence is to introduce a finite correlation time t e . Eq. 23 ensures that the correct spectrum of lifetimes for the turbulent structures in reproduced. In the strong drag approximation, the generalisation of Eq. 50 for finite turbulent times is
The general expression for H (Z, t) is given in Hernandez-Machado et al. (1983) . Eqs. 51 -52 reduce to Eq. 34 when τ e = 0. Interestingly, Eqs. 51 -52 reduce to
when the equations of evolution are linearised. The equivalent dimensionless diffusivity is 2α/ (1 + S t0 τ e ) and does not depend on Z. In the limit T → +∞, the dust scale height obtained from Eq. 53 is
Conclusion
So far, no analytic model predicts steady distributions of small grains that can become gravity-dominated in the top layers in stratified discs, where turbulence develops on finite correlation times. Those effects have however been shown to play an important role in structuring the dust layers and are expected to be the most important for the smallest grains. Obtaining a formula which integrates these effects altogether is the goal of the following derivation.
MATHEMATICAL ANALYSIS
Rescaling
For the mathematical analysis, introduce the parameters
For convenience, we also introduce the parameter λ such as
Asymptotic analysis is performed in the regime
i.e. the parameters and δ go to 0 whereas σ remains of order 1. As will be clear below, depending on whether δ , δ, or ∼ δ, the limiting equations for Z will be different.
The physical parameters are recovered in terms of the mathematical ones as follows:
Define
Note that the Stochastic Differential Equation for ξ is written as
since in distribution w(
Writing ξ = δ −1 1 2 ζ and using the relations between the parameters, one obtains the system (where the notation f = f φ is used)
where β(t) t≥0 is a standard real-valued Wiener process (Brownian Motion). For simplicity of the presentation, it is assumed that the initial conditions Z ,δ (0) = z and V ,δ (0) = v are independent of the parameters and δ.
In addition, it is assumed that ζ δ (0) ∼ N(0, 1) is a centered Gaussian random variable with variance 1, and is independent of the Wiener process β. As a consequence, ζ δ (t) t≥0 is a stationary Ornstein-Uhlenbeck process: for all t ≥ 0, ζ δ (t) ∼ N(0, 1), and for all t 1 , t 2 ≥ 0, the covariance is written as E ζ δ (t 1 )ζ
. When δ → 0, the process ζ δ converges to a white noise, in fact more precisely 1 δ t 0 ζ δ (s)ds t≥0 converges (in distribution) to a Brownian Motion W(t) t≥0 . However, as will be clear below, one needs to be careful when taking the limit δ → 0 (in particular concerning the interpretation of the stochastic integral in either Itô or Stratonovich sense at the limit).
Asymptotic expansions
The goal of this section is to derive limiting Stochastic Differential Equations for the component Z ,δ where the other components are eliminated, when , δ → 0. We will only focus on the derivation of the limiting model, the full rigorous proof of convergence is out of the scope of this work. In this section, the functions f , g and h are arbitrary real-valued smooth functions, such that f (z) > 0 for all z ∈ R, and with appropriate growth conditions at infinity to ensure global well-posedness of all the SDEs considered below.
Tools
A convenient approach (Pavliotis & Stuart 2008) to perform asymptotic analysis in SDEs such as (61) consists in analyzing the behaviour of the associated infinitesimal generator:
where, for any smooth function ϕ :
The second-order differential operator L ,δ appears on the righthand side of the backward Kolmogorov equation:
for which the solution is given by
where the notation E z,v,ζ means that the initial conditions are given by
By duality, one obtains that the adjoint of the infinitesimal generator L ,δ is the Fokker-Planck operator, which governs the evolution of the probability density function of the process (Fokker-Planck equation).
The strategy to obtain a limiting SDE for Z ,δ consists in the following two steps. First, one identifies the limit of the solution u ,δ of the backward Kolmogorov equation (64), for any initial condition u 0 which depends only on the z variable. This requires to construct an appropriate asymptotic expansion, to deal with the singular perturbations when , δ → 0. Second, one interprets the limit as the solution of the backward Kolmogorov equation associated with a well-posed SDE. Then one concludes that the limiting model is given by this SDE.
Limiting Equations
In the case of small physical parameters, the system of equations Eq. 61 converges to a single limiting SDE. Three regimes will be studied below:
Regime 1: → 0, then δ → 0, Regime 2: δ → 0, then → 0, Regime 3: δ = λ , with λ ∈ (0, ∞).
Physically, Regime 1 can be interpreted as δ 1, Regime 2 can be interpreted as δ 1 and in Regime 3, ∼ δ 1. Recall that for Stochastic Differential Equations, the noise may be interpreted either with the Itô or the Stratonovich convention, and that formulations are equivalent when taking into account a correction term: the Itô SDE
is equivalent to the Stratonovich SDE
where the notation a(X) • dW(t) is used to precise that the Stratonovich convention is used. The Stratonovich formulation is convenient since it respects the chain rule, whereas for the Itô formulation one needs to use Itô's formula. However, the link between an infinitesimal generator, a SDE, and Kolmogorov or FokkerPlanck equations is more clearly seen when using the Itô formulation. Below, depending on the situation, the most convenient interpretation is chosen. Below, we prove that the limiting equations are given by the following SDEs:
where W(t) t≥0 is a standard real-valued Wiener process. Importantly, taking limits → 0 then δ → 0 or δ → 0 then → 0 provides different limiting SDEs. This property originates from stratification. It is not surprising, since if f is a constant function, then the Itô formulation of the SDE of Regime 2
dW(t): the SDEs of Regime 1 and Regime 2 differ by an Itô-Stratonovich correction term. However, this observation does not hold if f is not constant: indeed the Itô formulation of the SDE of Regime 2 is
More precisely, consider the case h = 1, with a non-constant f (this is the most important case in this study). Whereas Itô and Stratonovich interpretations coincide, the limiting SDEs differ by the presence of an additional noise-induced drift term (Hottovy et al. 2012 (Hottovy et al. , 2015 Herzog et al. 2016; Freidlin & Hu 2011) Observe that, formally, Regime 1 (resp. Regime 2) corresponds to Regime 3 when λ = ∞ (resp. λ = 0). The physical consequence of this result is that one has to be extremely careful when choosing the Regime to interpret the dynamics of the system (see Appendix ?? for detailed calculations).
Steady-state dust distributions
Constant diffusivity
In this section, it is assumed that h = 1 is a constant. As a consequence, Itô and Stratonovich interpretations of the limiting SDEs coincide, since the diffusion coefficient is constant. However, stratification means that f is not constant, thus a noise-induced drift term appears. With the convention that Regime 1 (resp. Regime 2) is obtained with λ = ∞ (resp. λ = 0), the limiting SDE is written as
This SDE is rewritten as the overdamped Langevin equation
where the potential energy function V σ λ is defined as
V ∞ denotes the antiderivative of g/ f and V corr the antiderivative of
.
As a consequence, under appropriate conditions on the growth at infinity of V σ λ (which are satisfied in the example considered below), the limiting SDE defines an ergodic dynamics, with unique invariant distribution having the density
with normalization constant
The parameters λ and σ may considerably change the qualitative properties of the potential energy function V σ λ . For instance, choose the functions f and g as follows:
which gives V ∞ (z) = e z 2 2 . Observe that this potential energy function is convex, with a unique global minimum located at z = 0. However, straightforward computations give
Hence, the steady dust density can either be single-or double-hump shaped. For eddy times of order unity and typical disc parameters, the asymptotic distribution obtained from Eq. 71 does not differ much from the model of Fromang & Nelson (2009) . This is not the case anymore in the diffusive limit t e → 0.
Stratified diffusivity
We address vertical gradients of the diffusivity α via the simple parametrisation h (z) = f (z) −1/4 discussed in Sect. 2.2.1. We obtain
Hence,
0 is therefore not a minimum of
. Except for a marginal set of nonphysical parameters, dust distributions that account form the vertical dependency of the diffusivity are almost 
On the development of bumps in the diffusive limit
A striking feature of the asymptotic distributions obtained in Sect. 3.3 is the development of dust over-concentrations above the midplane in the limit t e → 0. Fig. 2 corroborates this finding by comparing the evolution of the two following oscillators
and its linearised version
for S t0 = 0.1, G = 2, ω = 4.4 and z 0 =ż 0 = 0 (those parameters are chosen to make the figure clear). G and ω parametrise the intensity and the frequency of the driving and play the role of α and τ e in the stochastic model. Fig. 2 shows spontaneous symmetry breaking between the top and the bottom layers of the stratified disc. Physically, the lift-up of small grains results from i) an important inertia when grains reach the top layers of the disc, ii) a modulated intensity of the turbulent driving by stratification that sets the maximum gradient of turbulent driving at one pressure scale height, and iii) a driving frequency that is large enough for this differential effect to cumulate. This is always the case when ω → ∞, which corresponds to τ e → 0. Hence, grains are constantly kicked from below by the differential driving and are lifted up above the midplane, explaining the formation of the dusty bumps.
NUMERICAL RESULTS
Numerical scheme
We now aim to validate Eq. 71, i.e. the formula obtained for the invariant distribution of the limiting SDE by direct numerical simulation of Eqs. 29,30,31. When changing the parameters, we illustrate the apparition of double-humped shaped instead of single-humped distributions. Eqs. 29,30,31 are solved numerically with a Strang splitting method, observing that the sub-systems
and dZ = VdT,
can be solved exactly. On the one hand, the solution at any time T > 0 of the system of Eqs. 76,77,78 is given by
On the other hand, the solution at any time T > 0 of the system of Eqs. 79,80,81 is given by (1 − e − 2T τe ) follows a Gaussian distribution. Given a time-step size ∆T > 0, then the Strang splitting scheme is defined by the recursion
and each step is made of three succesive updates. Let γ 0,1 , γ 0,2 , . . . , γ n,1 , γ n,2 , . . . be independent N(0, 1) standard Gaussian random variables. First, using the definition of Ψ
∆T 2 , and a random variable γ n,1 ∼ N(0, 1), let
Second, using the definition of Ψ
∆T , let
Using the definition of Ψ and a random variable γ n,2 ∼ N(0, 1),
and one sets 001. This case corresponds to the purely diffusive limit, and grains are found to over-concentrate well above the midplane of the disc. This double-hump shape is recovered only by our asymptotic expansion.
Numerical dust distributions
We adopt a Courant-Friedrich-Levy condition of ∆t ∝ S t0 1 and use a safety factor of 0.1 gathered from a numerical convergence analysis. The probability density distributions reach steady-state for t ∼ S −1 t0 , the settling time of small dust grains. Fig. 3 shows histograms obtained for 10 5 particles initially placed in the midplane with no velocity. In this configuration, sufficient accuracy is obtained to validate the model. Our first simulation consists of a seminal disc with α = 0.01 and τ e = 1, populated with small grains with Stokes number in the midplane S t,0 = 10 −3 . Fig. 3 (left) shows that the steady-state distribution is correctly reproduced by our asymptotic description and the Fromang & Nelson (2009) model, the two curves being nearly superimposed in this regime. In particular, flatter distributions than Gaussian are obtained. Stratification gradients push more grains from the midplane to the top layers of the disc than in an homogeneous configuration. Almost no grains above z = 3 are found. This is expected as there is almost no gas at this height and dust grains settle back to the midplane until they got stuck again. Our second simulation is designed to demonstrate the accuracy of our asymptotic expansion. We setup an academic configuration where α = 0.1, S t,0 = 10 −2 and τ e = 10 −3 to reach the purely diffusive limit while preserving numerical tractability. Fig. 3 (right) shows that again, the steady-state distribution is correctly reproduced by our asymptotic expansion. In an obvious manner, the double-hump shape with strong over-concentrations of dust at z 2 is correctly captured. Alternative models predict incorrect bell-shaped distributions in this regime. In this regime, the rate of differential kicks received by the grains is extremely important and the cumulative contribution powers up the lift-up of the particles.
Importantly, these peaks can arise as a parasitic effect when equations of motion are integrated with stratification, inertia, but in the diffusive limit with zero eddy-time. Hence the necessity of integrating the settling equations including a finite turbulent timescales. Finally, it should be noted that our asymptotic expansion does not hold for large grains S t,0 1 that remain close to the midplane. Fig. 4 shows that in that case, best accuracy is obtained by the Youdin & Lithwick (2007) model. Interestingly, finite eddy time terms gives noticeable corrections in this case as well. 
DISCUSSION
The model of disc considered in this study remains fiducial. Gas does not undergo any dynamical evolution such as outflows, winds, viscous spreading or evaporation. We did not consider gravitating bodies embedded in the disc and have restrained the study to grains of constant size that neither grow nor fragment. We also focused on steady-state distributions, since they are widely used in as practical recipes for dust densities. As a short remark on this point, we note that steady-state is reached after a few settling times (Eqs. 29, 30) . For small grains, this time is orders of magnitude longer than other dynamical times in the disc. We put therefore a strong warning against using these formulae in vertically integrated models, to estimate instantaneous volume concentrations from surface densities. Finally, we note that dust lift-up may become significant in stratified objects that are trans-or supersonic and contain small grains, such as molecular clouds. In this case, dust may be lifted up easily by turbulence even when it develops on large integral timescales, as long as the cloud remains stable over a time that is sufficiently long for the grains to differentiate spatially.
CONCLUSION
In the context of better understanding observations of small dust grains in young discs, we derived refined analytic prescriptions for the distributions of small grains that populate their top layers. Our model includes gas stratification, dust inertia and finite correlation times for the turbulence. It is derived from first principles, by writing a balance of forces on a grain where stochastic driving mimics rigorously the statistical properties of homogeneous isotropic turbulence. The role of the vertical gradient of α is investigated using the scaling α ∝ ρ −1/2 , which ensures a constant density of turbulent energy through the disc. From rigorous asymptotic expansions, we obtained steady-state distributions for small grains scattered through the stratified disc by turbulence. Unexpected technicalities arise to handle small Stokes numbers in the diffusive limit. These novel distributions are validated against a direct numerical integration of the stochastic system via a Strang-splitting scheme.
The main results of this study are summarised below.
(i) Let consider a disc orbiting with frequency Ω and gas scale height H, for which the turbulent activity and the lifetime of the largest eddies are parametrised by α and t e . We consider grains that have Stokes numbers in the midplane smaller than unity, i.e. S t0
1. Dust density a steady-state is given by
which corresponds to Eq. 71 expressed in physical quantities.
(ii) For t e ∼ Ω −1 , dust distributions are single-humped and flattened. In the purely diffusive limit t e Ω −1 , dust distributions become bumpy and develop non-physical strong peaks at z ≥ H. As such, turbulent correlations must be handled with care in settling models.
(iii) Observations support the absence of dust overconcentrations above the scale height of young disc, hence corroborating numerical experiments predicting t e ∼ Ω −1 . 
APPENDIX A: DERIVATION OF THE LIMITING EQUATIONS A1 Analysis in Regime 1
The derivation of the limiting SDE in Regime 1 follows from standard arguments and does not contain any difficulty or unexpected additional term. We thus only provide the heuristic arguments. A rigorous analysis may be performed using the tools developed below to deal with the other regimes. For the first step, the parameter δ > 0 is held fixed, and one needs to pass to the limit → 0. Observe that
and as a consequence the limiting SDE when → 0 is given by
With the notation η δ (t) = δ
which heuristically justifies convergence of η δ to Brownian Motion. At the limit, noise needs to be interpreted with the Stratonovich convention, which is a classical result when Brownian Motion is approximated by a smooth process. Thus, passing to the limit δ → 0, one obtains the limit SDE
where W(t) t≥0 is a real-valued standard Wiener process. The equivalent Itô formulation of the SDE is
A2 Analysis in Regime 2
In this regime, one needs to be careful in order to exhibit the noiseinduced drift term when f is not constant. We thus provide all the details of the derivation. Note that the first step below still follows from a standard argument (which is made rigorous below): for fixed > 0, when δ → 0, one obtains the limiting SDE
where W (t) t≥0 is a real-valued standard Wiener process. Observe that Itô and Stratonovich interpretations of the noise coincide for this SDE (the diffusion coefficient depends only on the position component, whereas the noise acts only on the velocity component). However, an heuristic argument to pass to the limit → 0 would not explain the presence of the noise-induced drift term (when f is not constant), and thus would not provide the correct limiting SDE.
Let us now present a rigorous derivation of the limiting SDE in Regime 2. For the first step, the parameter > 0 is held fixed. One needs to construct an asymptotic expansion in terms of the small parameter δ, of the form
where the zero-order term u ,0 does not depend on ζ and describes the limiting process. Then one needs to identify the limiting generator L ,0 such that one has
Inserting the asymptotic expansion in the backward Kolmogorov equation (64) and using the expression (62) of the infinitesimal generator L ,δ , one obtains the following hierarchy of equations when matching terms of size δ −2 , δ −1 and 1 respectively:
The first equation is consistent with the assumption that u ,0 does not depend on ζ. A solution of the second equation is given by r ,1 (t, z, v, ζ) = σ √ 2 f (z)h(z) ζ∂ v u ,0 (t, z, v).
Let ν = N(0,
) denote the invariant distribution of the Ornstein-Uhlenbeck process dζ = −ζdt + dβ(t). The partial differential equation satisfied by u ,0 is obtained by taking the average of the last equation of the hierarchy, with respect to dν(ζ), and using the property A 4 ψ(ζ)dν(ζ) = 0, for any smooth function ψ. Using that ζ 2 dν(ζ) = 1 2
, one obtains is associated with the SDE (A6). It remains now to pass to the limit → 0. This is performed by constructing an asymptotic expansion in terms of the small parameter of the form 
where A 3 is defined by
Inserting the asymptotic expansion in the backward Kolmogorov equation yields the following hierarchy of equations, when matching terms of size −2 , −1 and 1 respectively: 
The first equation is consistent with the assumption that u 0,0 does not depend on v. It is then straightforward to check that a solution of the second equation is given by 
Finally, for any fixed z, let µ z = N(0, σ 2 h(z) 2 f (z)) denote the invariant distribution of the Ornstein-Uhlenbeck process solving the SDE dV z = − f (z)V z dt + σ √ 2 f (z)h(z)dW(t). The PDE satisfied by u 0,0 is obtained by taking the average of the last equation of the hierarchy, with respect to dµ z (v), and using the property A 3 ψ(v)dµ z (v) = 0 for any smooth function ψ. Using that v 2 dµ z (v) = σ 2 h(z) 2 f (z), one obtains ∂ t u 0,0 (t, z) = ∂ t u 0,0 (t, z)dµ z (v)
The origin of the noise-induced drift term when f is not constant appears clearly in the computation above. For completeness, for fixed t and z, the function r 0,2 (t, z, ·) is constructed as solution of the Poisson equation −A 3 r 0,2 (t, z, v) = A 1 r 0,1 (t, z, v) − A 1 r 0,1 (t, z, ·)dµ z ,
which is solvable since the right-hand side is centered with respect to µ z . The limiting generator L 0,0 is associated with the SDE written in Itô form
where W(t) t≥0 is a standard real-valued Wiener process. The Stratonovich form of the SDE is written as
A3 Analysis in Regime 3
In Regime 3, the parameters δ and go to 0, with the constraint δ = λ , where λ ∈ (0, ∞) is held fixed. In the sequel, we consider as the unique small parameter. Let u λ = u ,λ . Using the relation δ = λ , the infinitesimal generator L ,δ given by (62) is written as
where B where the zero-order term u λ does not depend on v and ζ and describes the limiting process. Then, one needs to identify the limiting generator L λ such that one has ∂ t u λ = L λ u λ . Inserting the asymptotic expansion in the backward Kolmogorov equation (64) and using the expression (A21) of the infinitesimal generator L λ , one obtains the following hierarchy of equations when matching terms of size −2 , −1 and 1 respectively: The first equation is consistent with the assumption that u λ does not depend on v and ζ.
The infinitesimal generator B 2,λ is associated with the twodimensional SDE system for the components v and ζ, with frozen position component z:
